We study the Borel-Padé resummation of the asymptotic series for the string equation of the Lee-Yang edge singularity. Numerical methods are provided to compute a high accuracy exact solution. We find the resummation matches the numerical integration without need for further nonperturbative corrections.
Introduction
As it is well known, many of the usual perturbative series used in physical problems are only asymptotic in nature. A standard tool to make sense of these formal expansions is Borel resummation [1] . However, it is often the case that one has to add additional "non-perturbative" sectors to the original perturbative series, in order to reconstruct the exact answer by resummation. This leads to the theory of transseries and resurgent asymptotics. For example, in the theory of ODEs, the asymptotic expansion near an irregular singular point can be extended to a transseries which might then be used to reconstruct the exact solution (see [2] for a comprehensive review of these and other examples).
The genus expansion of string theory is no exception to this divergent behaviour [3] , but in this case it is not clear what is the exact, non-perturbative answer behind the perturbative series. In some examples, one can use non-trivial dualities, such as the AdS/CFT correspondence, to provide an exact answer from the dual side. This opens up the possibility of comparing the Borel resummation of the divergent string series with an exact definition.
This comparison was done for the free energy on the three sphere of ABJM theory in [4] , which can be computed exactly by localization techniques. The genus expansion of string theory is simply the 1/N expansion of this free energy. It turns out that this expansion is Borel summable, i.e. there are no obstructions to the Borel resummation of the series. However, and in contrast to what happens in many simple models in Quantum Mechanics, this resummation does not agree with the exact result. Of course, there is no obvious a priori reason why there should be such an agreement. The difference between the two results was understood in terms of complex instantons, which show up as complex poles in the Borel integration plane. A closely related example was recently studied in the context of topological string theory on toric Calabi-Yau threefolds. In these models, one can provide a non-perturbative definition of the topological string free energy by using spectral theory [5] (see [6] for a review). Once again, Borel resummation of the asymptotic series differs from this exact result. However, the perturbative solution can be upgraded to a transseries including instanton corrections [7] . By a systematic Borel resummation of the full transseries [8] , the exact answer can be indeed reproduced.
These non-trivial facts led us to review earlier models of strings with an exact, non-perturbative definition. We consider in this paper minimal models coupled to 2D gravity [9] [10] [11] , which can be defined through the double scaling limit of a theory of randomly triangulated surfaces [12] . One can even write an ODE for the partition function of these non-critical string models, depending on a parameter essentially equivalent to the string coupling constant. This ODE is called in this context the string equation of the model. The asymptotic expansion of the solution to this ODE corresponds the genus expansion of the corresponding string.
The existence of the string equation is not enough to define the theory non-perturbatively (see [13] for a review), since one has to provide in addition appropriate boundary conditions. In the case of the Lee-Yang edge singularity coupled to gravity, such a boundary condition can be found, and one can use it to calculate the free energy of the non-critical string exactly, by numerical integration of the string equation [14] . The corresponding asymptotic series is known to be Borel summable, and in [13] it is asked whether its Borel resummation reproduces the true solution to the string equation. In view of the recent results in [4, 8] , this is not obviously the case. We will show in this paper, by a detailed numerical comparison of the resummation and the numerical integration of the string equation, that the solutions seem to be equal, at least with a very high numerical accuracy. This is the case despite the presence of complex Borel poles like the ones identified in [4] as a source for the corrections to the Borel resummation.
This paper is organized as follows. We will first briefly review the analytic structure of the solutions and their large order behaviour, and then we will compare the Borel resummation with the exact numerical integration.
2 The string equation of the Lee-Yang edge singularity
Perturbative solution
The string equation of the Lee-Yang edge singularity itself is given, as in [14] , by
The physical conditions we must impose to the solution, following [14] , are absence of poles (which would mean zeros in the partition function) and most importantly, an asymptotic behaviour that gives the right large N limit for the string picture. It is
In [14] a numerical plot of a numerical approximation to the pole-free solution is provided. For negative values of x, the solution oscillates. This is an Airy-like symptom of the Stokes phenomenon (see [2] ). Essentially, complex exponentially small corrections take over, and their interference produces the oscillation. This will set our focus on the x > 0 region. There, the series expansion at infinity is resummable. Since no oscillations are present there is no a priori need to have exponentially small corrections to the Borel sum. The question is: does the resummation, with no further corrections, agree with the numerical answer?
We will begin by computing this resummation. The limit in which we implement the asymptotic conditions is x → ∞. For convenience, we redefine f (x) = x 1/3 g(t) and x = t −3/7 . In this variable, (2.1) is solved by the (formal) series
The coefficients can be recovered algebraically order by order, and we find
It is easy to generate them with computer aid at much higher orders, as will be required later for numerics.
Borel transform
That (2.3) is only an asymptotic series is hinted at already by the first few coefficients. The divergence can also be seen in figure 1. Our objective now is to make sense of this formal, divergent, series by using Borel resummation. The idea of the Borel transform is to fix a (βk)! divergence in a formal power series by defining the (now converging) series
and then reintroducing the divergence "inside" of the sum by commuting it with the integral form of the gamma function. This defines the Borel resummation of f (x),
The motivation for this definition is that, should everything converge, the Borel resummation gives the actual value of the original series.
The particular rate of divergence that we have, as is the usual case with string theory, is β = 2. This asymptotic behaviour can also be found by looking at the first exponentially small correction as done in [13] .
In figure 2 we have the coefficients of (Bg), which now have a behaviour similar to |μ k | ∼ A k , with a finite radius of convergence. Still, to have a well defined integral in (2.6), we need the integration path in (2.6) to be free of obstructions.
Suppose we hadμ k = A −k with A > 0. This can be directly resummed, and (Bg) would have a pole as (t − A) −1 , right in the middle of the integration path. In our case, like we saw in figure   1 , the signs are alternating. In the simplified versionμ k = A −k , it would happen when A < 0 -the pole would lie on the negative real axis, leaving the path of integration free. 1. × 10 -9
We will need the derivatives F (m) of (2.6) for our numerical analysis. Since for x = 0 the integrand of F (x) and its derivatives are continuous, there are no problems in commuting ∂ x with the s-integral, and one gets expressions like
Padé approximant and Borel plane
In the previous section we considered the simple case of a Borel transform behaving exactly likẽ µ k = A −k . In general, one cannot find such a closed expression for (Bg) -let alone when we do not even have a closed form for the µ k , and are generating them recursively. However, a good (and integrable) substitute to an exact analytical continuation is given by the Padé approximant, as detailed in [1] . In short, it is the rational function whose Taylor expansion agrees with the original series at a given order. We denote by P (n/n) the diagonal approximant matching the series (Bg) at order O(t 2n+1 ). That is, the one with equal degree in numerator and denominator. For Borel-Padé resummation, it is the one 1 that usually gives the best numerical convergence with n. As we see in figure 3 , where we represent the poles and zeros of P (n/n) (t) in the Borel C-plane, there is a nice structure that remains stable as we improve the approximation. In particular, a branch cut develops along the negative axis, leaving no obstruction for the integral along x > 0.
Let us remark that the closest poles to the origin are located precisely at the values of the action A 2 given by the first exponential correction. This is well known, and [15] provides a general way to compute the action for an arbitrary (p, q) model. A detailed calculation for our particular case is given in [13] . For illustrative purposes consider simply the ansatz The natural variable for the transseries is, however, √ t. In that plane, easily obtained by unfolding the one in figure (3) , there are two branch cuts along the imaginary axis, and we actually have four actions, two of which have positive real part. As discussed in [8] , the transseries associated to such actions is related to the difference between Borel resummation and their exact answer. Remarkably, we will see in the next section that despite the presence of positive real part poles, we will not need any transseries correction. 3 Numerical analysis
Convergence of the resummation
We integrate (2.6) numerically. We will truncate F (x) at order n by using the P (n/n) approximant in (2.6). This gives an approximation F n (x) to F (x). Assuming that the error made by truncating decreases with n, we can estimate the relative uncertainty due to truncation by
In figure 5 we plot the calculated values of (2.6), and the asymptotic function x 1/3 -the difference becomes only obvious at x ∼ 1. Also, for different truncations, the number of reliable digits is given. These are computed by looking at how many digits remain stable from one truncation to the previous, which is in essence the logarithm of the relative error. We can easily see the convergence as we increase n, with stable digits ranging between 20 to 60, depending on the value of x. One finds similar plots for the first four derivatives F (m) n (x). This validates, in retrospect, the assumption that (3.1) is a good estimate for the truncation error. 
First approach: error propagation
We will try to answer whether the resummation solves (2.1) without requiring direct knowledge of the exact (numerically integrated) solution. We recast the equation into a normalized form Q[f, x] = P [f, x]/x = 0, so that it measures in a homogeneous way the failure of F n (and its derivatives) to be a solution of (2.1),
The error E n should be zero in the n → ∞ limit. That is, if F (x) -the Borel sum-is really a solution of (2.1). The question is then whether the deviations thereof at finite n are only due to F n itself being only an approximation of the full F , or rather to F being close to but not a solution of (2.1). To check this, we can propagate the uncertainty of F n (x) in (3.1). For the sake of simplicity we use the approximation of the small-error propagation formula, Figure 6 gives the expected correct digits from the uncertainty propagation. The plot for the error E n is fundamentally the same, and we empirically find (with n up to 70) that
that is to say, the failure of F n (x) to be a solution is just somewhat smaller than what one would expect from simply propagating the truncation errors. This not surprising since (3.3) can slightly
overestimate the error due to correlations. Therefore we cannot say F (x) does not solve (2.1) up to the numerical accuracy. In other words, it is a sufficiently good solution Finally, figure 6 also shows this error decreases steadily with the Padé order, across all values of x. This is important to rule out the possibility that simply the trivial, leading part is responsible for the matching: the Borel sum is in fact necessary to tend to the correct answer. We will test this in more detail in the next section.
Second approach: numerical integration
Although it is useful being able to face the problem with a minimal amount of information, a direct comparison is of course a stronger test. In order to find the exact numerical solution, we first turn our attention to how would it be possible to implement the boundary conditions of the problem. The series being asymptotical in nature, our best bet is to take some optimal truncation as a starting guess in a region where it allows for reasonable precision -at least, of the order of the Borel resummations we were considering. The derivatives, computed as in (2.7), have the same amount of stable digits. For the sake of comparison, if we try at x = 4, the "optimal" truncation now happens at order 6, with only 6 reliable digits.
The standard procedure to backtrack along the x axis would now be to use a finite step numerical algorithm. However, the Lee-Yang equation is particularly troublesome, displaying stiffness problems that cannot be consistently avoided even by Runge-Kutta integrators. This is made worse by the kind of precision we require to meaningfully compare with Borel-Padé.
We will resort to a method similar to what is described in [16] , in spirit a finite step method of arbitrarily high order. Given a set of "initial conditions" f (n) (x i ), n = 0 . . . 3 , one builds the power series expansion of f (x) around x i , 6) and find the rest of the ν k (x i ) recursively with (2.1), by requiring
At finite x i the solution is regular and has a finite radius of convergence of (3.7). We can use that to compute the first three coefficients at the next step 8) calculate the rest k = 4 . . . N with condition (3.7), and repeat. This procedure allows one to take step sizes only limited by the radius of convergence in (3.8) . Notice that precision can be arbitrarily increased by the order N of the approximation, and we can take relatively big "jumps" that avoid the decreasing step size problem inherent to stiff equations. It should be remarked, however, that numerical rounding errors accumulate fast when doing the recursion from (3.7) and the propagation (3.8) -very high numerical working precisions are needed to avoid them.
In the appendix we provide the values for both the Borel resummation at order n Pade = 60, and for the numeric integration at order N = 70, calculated from the asymptotic guess (3.5) with order n guess = 65. For the Borel sum, the stable digits are determined by contrast with the order n Pade = 59 approximant. For the numeric integration, they are given by comparison with a truncation at N = 69 and an initial guess at n guess = 64. In figure 8 we have plotted the stable digits of each of the solutions, for values x = 2, 4, . . . , 36. The numeric integration is mostly limited by the error of the initial guess. At very small values of x (∼ 5) it starts to slowly break down due to an insufficient truncation order N , but by then the Borel sum is performing worse. Of course, N was chosen taking this into account. One could in principle go to higher orders in the asymptotic guess by using higher starting points in x. This implies a tradeoff with the numerical integration, and we would need even higher N (and thus working precision) to be able to reach accurately the low x region. In any case, around x = 36 the convergence of Borel-Padé already outperforms greatly the precision of the numerical integration. After all, the initial guess (and the initial error of the integration) is given precisely by optimal truncation, and comparing it with the resummation does not say anything useful. The interesting section of the plot lies at the smaller values of x, where optimal truncation becomes a really bad approximation to the numerical result.
In general, the coincident digits between Borel and integration are just slightly better than expected by the corresponding error of the worse of the two. Therefore, up to numerical accuracies, the Borel resummation coincides with the solution of (2.1).
The question again is if the agreement is trivial. With that in mind we also plot the matching between the optimal truncation and the integration (which is mostly determined by the precision of the truncation itself). This serves as a baseline for comparison with the number of matching digits between numeric integration and Borel-Padé. The difference tells how much of the agreement is purely due to resummation -going up to ∼ 40 digits at small values of x.
Finally, one could think that there are exponentially small corrections hidden behind the precisions used. As detailed in [2] , the size of such a exponentially small term is precisely that of the error committed by optimal truncation. These grow as we go to x → 0, and unless the problem has some fine-tuning of the order of 10 40 , we can rule out the need for non-perturbative corrections to the Borel resummation.
Conclusions and outlook
The relatively straightforward nature of the problem (as opposed to, say, topological string theories) is at the core of its simple Borel plane structure and well behaved resummation. The agreement between numerical integration and Borel-Padé is excellent, and no additional non-perturbative corrections are needed.
The missing necessary corrections in [4] were understood to be coming from complex poles in the positive real part of the Borel plane. Even though they are present in our case, their corresponding transseries is not needed to complete the Borel resummation. However, that this kind of equations can be studied numerically with high precision opens the door to asking the same question about different problems. To begin with, one can think of the other low-dimensional string equations that are studied in [13] , along with the Lee-Yang edge singularity. After finding a case with positive real part instantons, one could ideally use the transseries framework in [8] to include them and reproduce exact results.
Of course, one could also study the x < 0 region here, where the oscillations should be obtained by transseries corrections. This lies outside of the purpose of this note, which is studying a case where a well defined Borel sum exists, who can be directly compared to the real numerical answer.
